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Abstract
In this paper, we study a composition of exponential generating functions. We
obtain new properties of this composition, which allow to distinguish prime numbers
from composite numbers. Using the result of paper we get the known properties of
the Bell numbers(Touchard’s Congruence for k = 0) and new properties of the Euler
numbers.
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1 Introduction
Generating functions are a powerful tool for solving problems in number theory, combina-
torics, algebra, probability theory. One of the advantages of the generating functions is that
an infinite number sequence can be represented in the form of single expression.
There are various types of generating functions: ordinary, exponential, Dirichlet, Poisson,
etc. In this paper we consider exponential generating functions.
Definition 1. Power series of the form
∞∑
n=1
a(n)
n!
xn (1)
is a exponential generating function, where a(n) is an integer sequence.
2 Preliminary
V. V. Kruchinin [1] introduced the notion of the composita of a given generating function
F (x) =
∑
n>0 f(n)x
n.
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Suppose F (x) =
∑
n>0 f(n)x
n is the generating function, in which there is no free term
f(0) = 0. From this generating function we can write the following condition:
[F (x)]k =
∑
n>0
F (n, k)xn.
The expression F (n, k) is the composita and it’s denoted by F∆(n, k).
Also the composita can be written based on the composition of n:
Definition 2. The composita is the function of two variables defined by
F∆(n, k) =
∑
pik∈Cn
f(λ1)f(λ2) · · ·f(λk), (2)
where Cn is the set of all compositions of an integer n, pik is the composition
∑k
i=1 λi = n
into k parts exactly.
For instance, we obtain the composita of the exponential generating function F (x) =
ex − 1.
Raising this generating function to the power of k and applying the binomial theorem,
we obtain
(ex − 1)k =
k∑
j=0
(
k
j
)
exj(−1)k−j .
Since
(ex)k =
∑
n≥0
kn
n!
xn,
we get
F∆(n, k) =
k∑
j=0
(
k
j
)
jn
n!
(−1)k−j.
or since the general formula for the Stirling numbers of the second kind is given as follows:
{
n
k
}
=
1
k!
k∑
j=0
(−1)k−j
(
k
j
)
jn,
we have
F∆(n, k) =
k!
n!
{
n
k
}
. (3)
Here
{
n
k
}
stand for the Stirling numbers of the second kind(see [2, 3]). The Stirling
numbers of the second kind
{
n
k
}
= S(n, k) count the number of ways to partition a set of n
elements into k nonempty subsets.
Calculation of the composita is essential for obtaining the coefficients function of a com-
position of generating functions.
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Starting with functions f(n), r(n) and their generating functions F (x) =
∑
n≥1 f(n)x
n,
R(x) =
∑
n≥0 r(n)x
n accordingly, we consider a composition of the generating functions
H(x) = R (F (x)). For the generating functionH(x) =
∑
n≥0 h(n)x
n, the coefficients function
is determined by the expression:
h(n) =
n∑
k=1
∑
λi>0
λ1+λ2+...+λk=n
f(λ1)f(λ2) . . . f(λk)r(k) =
n∑
k=1
F∆(n, k)r(k), h(0) = r(0). (4)
3 Main results
In this section we consider a composition of exponential generating function and its integer
properties.
Theorem 3. Suppose E(x) =
∑
n>0 e(n)
xn
n!
is an exponential generating function, and
E∆(n, k) is the composita of E(x). Then the expression
n!
k!
E∆(n, k) (5)
is integer for k ≤ n
Proof. Let us consider a composition of exponential generating functions A(E(x)), where
A(x) =
∑
n≥0 a(n)
xn
n!
, a(n) is integer. According to [4], the composition of exponential
generating functions is a exponential generating function
G(x) = A(E(x)),
where G(x) =
∑
n≥0 g(n)
xn
n!
.
Using formula (4), we get
g(n)
n!
=
n∑
k=1
E∆(n, k)
a(k)
k!
.
Therefore, the expression
n∑
k=1
E∆(n, k)a(k)
n!
k!
is integer.
Since g(k) can be any integer, the expression (5) is integer.
The theorem is proved.
Corollary 4. Suppose E∆(n, k) is the composita of an exponential generating function. Then
the expression
n−1∑
k=2
E∆(n, k)
(n− 1)!
k!
(6)
is integer for all prime n.
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Proof. Let us consider the following cases:
• For k = 1. The composita equals to E∆(n, 1) = e(n)
n!
. Hence, the expression
E∆(n, k)
(n− 1)!
k!
=
e(n)
n
is not integer for k = 1.
• For k = n. The composita equals to E∆(n, n) = e(1)n. Hence, the expression
E∆(n, k)
(n− 1)!
k!
=
e(1)n
n
is not integer for k = n.
• For 1 < k < n. According to (2), the composita equals to
E∆(n, k) =
∑
pik∈Cn
e(λ1)e(λ2) . . . e(λk)
λ1!λ2! . . . λk!
.
From pik is the composition λ1 + λ2 + . . .+ λk = n and k > 1 it follows that no exists
λi such that λi 6= n. Hence, the expression
∑
pik∈Cn
e(λ1)e(λ2) . . . e(λk)
λ1!λ2! . . . λk!
(n− 1)!
k!
is integer for all prime n and for 1 < k < n.
Therefore, the expression
n−1∑
k=2
E∆(n, k)
(n− 1)!
k!
is integer for all prime n.
We represent the expression (6)
1
n
(
n!
n∑
k=1
E∆(n, k)
1
k!
− e(n)− e(1)n
)
, (7)
where
g(n) = n!
n∑
k=1
E∆(n, k)
1
k!
is the coefficients function of the composition of generating functions G(x) = exp(E(x)).
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In the general case it also holds. For the composition of generating functions
G(x) = A(E(x)) =
∑
n≥0
g(n)
xn
n!
,
where
A(x) =
∑
n≥0
a(n)
xn
n!
, E(x) =
∑
n≥1
e(n)
xn
n!
are exponential generating functions, the expression
1
n
(g(n)− e(n)a(1)− e(1)na(n)) (8)
is integer for all prime n.
As applications of Corollary 4, we consider the following examples.
Example 5. Consider the following composition of generating function:
G(x) = ee
x−1 =
∑
n≥0
g(n)
xn
n!
.
The composita of E(x) = exp(x)− 1, according to (3), is equal to
E∆(n, k) =
k!
n!
{
n
k
}
.
Then for the composition ee
x−1, the expression
1
n
(
n!
n∑
k=1
k!
n!
{
n
k
}
1
k!
− 1− 1n
)
is integer for all prime n.
Since n > 0, we get that the expression
(Bn − 2) ≡ 0 mod n. (9)
is integer for all prime n.
Here Bn are the Bell numbers (counting the ways to partition a set of n elements) [2, 3, 5].
In 1933 J. Touchard [6] proved the next congruence for the Bell numbers:
Bn+k ≡ Bk+1 +Bk (mod n) (10)
for any prime number p.
The expression (9) is a special case of Touchard’s Congruence (for k = 0).
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Example 6. Let us consider the following composition of exponential generating functions
E(x) = ex+
1
2
x2+ 1
6
x3 .
This generating function generates the sequence of integers (A001333) [7].
[1, 1, 2, 5, 14, 46, 166, 652, 2780, 12644, 61136, 312676, 1680592, 9467680, 55704104, . . .]
According to [1], the composita of the generating function E(x) = x+ 1
2
x2 + 1
6
x3 has the
following form
E∆(n, k) =
k∑
j=0
(
j
n− 3 k + 2 j
)
3j−k
(
k
j
)
2−n+2k−j.
Then, according to (4), for finding the composition we use the following expression
g(n) = n!
n∑
k=1
1
k!
k∑
j=0
(
j
n− 3 k + 2 j
)
3j−k
(
k
j
)
2−n+2k−j.
Hence, the expression
(n− 1)!
n−1∑
k=2
1
k!
k∑
j=0
(
j
n− 3 k + 2 j
)
3j−k
(
k
j
)
2−n+2k−j (11)
is integer for all prime n.
A few initial terms of this expression are shown below (starting with n = 1):[
0, 0, 1,
13
4
, 9,
55
2
, 93,
2779
8
,
12643
9
,
12227
2
, 28425,
560197
4
, 728283, . . .
]
Example 7. Let us consider the following composition of exponential generating functions
E(x) = eartanh(x).
This generating function generates the sequence of integers (A000246) [7].
[1, 1, 1, 3, 9, 45, 225, 1575, 11025, 99225, 893025, 9823275, 108056025, 1404728325, . . .]
The composita of the generating function E(x) = artanh(x) has the following form
E∆(n, k) = k!
n∑
m=k
2m−k
m!
[
m
k
](
n− 1
m− 1
)
.
Here
[
m
k
]
are the Stirling numbers of the first kind with parameters m and k (counting
the ways to partition a set of m elements into k blocks) [2]
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Then, according to (4), for finding the composition we use the following expression
g(n) = n!
n∑
k=1
n∑
m=k
2m−k
m!
[
m
k
](
n− 1
m− 1
)
.
Hence, the expression
(n− 1)!
n−1∑
k=2
n∑
m=k
2m−k
m!
[
m
k
](
n− 1
m− 1
)
(12)
is integer for all prime n.
Now let us consider the composition of generating functionsG(x) = B(E(x)) =
∑
n≥0 g(n)
xn
n!
,
where E(x) =
∑
n>0 e(n)
xn
n!
is an exponential generating function, B(x) =
∑
n≥0 b(n)x
n is
an ordinary generating function with integer coefficients.
Theorem 8. For the composition G(x) = B(E(x)) =
∑
n≥0 g(n)
xn
n!
, the expression
1
n
(g(n)− e(n)b(1)) (13)
is integer for all prime n.
Proof. From (4) it follows that
g(n) = n!
n∑
k=1
b(k)
∑
pik∈Cn
e(λ1)e(λ2) . . . e(λk)
λ1!λ2! . . . λk!
.
Then
n!
∑
pik∈Cn
e(λ1)e(λ2) . . . e(λk)
λ1!λ2! . . . λk!
=
∑
pik∈Cn
(
n
λ1, λ2 . . . λk
)
e(λ1)e(λ2) . . . e(λk).
Since n is prime, the multinomial coefficient is divided by n evenly for k > 1. Therefore,
the expression
1
n
(
n!
n∑
k=1
E∆(n, k)b(k)− e(n)b(1)
)
is integer for all prime n.
The theorem is proved.
As applications of Theorem 8, we consider the following example.
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Example 9. Let us consider the generating function for the Euler numbers A000111 [7, 8]
1
1− sin(x)
=
∑
n≥0
E(n+ 1)
xn
n!
(14)
Since
E(x) = sin(x) =
∑
n≥0
((−1)n−1 + 1) (−1)
n+1
2
+n
2
xn
n!
,
the expression
E(n + 1)−
((−1)n−1 + 1) (−1)
3n+1
2
2
≡ 0 mod n (15)
holds for all prime n.
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